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Minimum-Time Maneuvers of Thrust-Vectored Aircraft
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The new aircraft technology of thrust vectoring (TV) enables the execution of new types of poststall maneuvers.
Aircraft agility and � ight safety are greatly enhanced. The objective and main contribution of the present work
are the suboptimal solution of minimum-time pitch-reversal (there and back) and yaw-reversal standard agility
comparison maneuvers (SACOM). It is demonstrated that, due to asymmetric and coupling moments at high ®
and high ¯, pure pitch and yaw maneuvers are impossible; a full six-degree-of-freedom model must be employed.
A novel parametric two-stage suboptimization algorithm was developed to cope with the complexity of the optimal
control problem. All four aerodynamic and three TV controls are simultaneously active in the execution of a low
g load, nearly pure 80-deg pitch-reversal and a 30-deg yaw-reversal SACOM of an F-15B aircraft.

Nomenclature
b = reference span
CD = drag coef� cient
C f g = thrust coef� cient
CL = lift coef� cient
Cl = rolling moment coef� cient
Clp = roll damping derivative
Clr = roll moment derivative with respect to yaw rate
Cl¯ = roll moment derivative with respect to sideslip angle
Cl±a = aileron effectivenessderivative
Cl±e = elevator effectivenessderivative
Cl±r = rudder effectivenessderivative
Cl±1e = differential elevator effectivenessderivative
Cm = pitching moment coef� cient
Cmo = basic pitching moment coef� cient
Cmq = pitching moment derivative with respect to pitch rate
Cn = yawing moment coef� cient
Cno = basic yawing moment coef� cient
Cnp = yawing moment derivativewith respect to yaw rate
Cnr = yawing damping derivative
Cn¯ = yawing moment derivativewith respect to

sideslip angle
Cn¯¤ = asymmetric yawing moment increment
Cn±a = yawing moment derivativewith respect to aileron

de� ection
Cn±e = yawing moment derivativewith respect to elevator

de� ection
Cn±r = rudder effectivenessderivative
Cn1±e = yawing moment derivativewith respect to differential

stabilizator de� ection
Cx = longitudinal force coef� cient
C y = side-force coef� cient
C yp = side-force derivative with respect to roll rate
C yr = side-force derivative with respect to yaw rate
C y¯ = side-force derivative with respect to sideslip angle
C y¯¤ = asymmetric side-force increment
C y±a = side-force derivative with respect to aileron de� ection
C y±e = side-force derivative with respect to elevator de� ection
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C y1±e = side-force derivative with respect to differential
stabilizator de� ection

c = reference mean aerodynamic chord
h = altitude
Ix = moment of inertia about the roll axis
Ix y = cross product of inertia between roll and pitch axes
Ix z = cross product of inertia between roll and yaw axes
Iy = moment of inertia about the pitch axis
Iz = moment of inertia about the yaw axis
K’ = banking-errorweight coef� cient
KÃ = heading-errorweight coef� cient
lx = distance from nozzle exit to aircraft center of gravity
ly = distance between nozzle exit center and aircraft

vertical centerplane
M = vehicle mass
Npr = nozzle pressure ratio
p = roll rate
q = pitch rate
Nq = dynamic pressure, 1

2 ½V 2

r = yaw rate
= switching function

s = reference surface area
Ti = ideal isentropic (net) thrust
Tx;y;z = thrust-vectoredcomponents in the body axis
t = time
t f = � nal time
ts = switching time
V = true airspeed
® = angle of attack
¯ = angle of sideslip
1Cl = roll moment increment due to two-place canopy
1Cn = yawing moment increment due to two-place canopy
1±z = effective differential (roll) thrust-vectoringangle
± = control vector
±a = aileron surface de� ection
±e = elevator (stabilizator) surface de� ection
±r = rudder surface de� ection
±y = effective yaw thrust-vectoringangle
±z = effective pitch thrust-vectoringangle
±1e = differential elevator surface de� ection
µ = pitch angle
½ = air density
’ = bank angle
Ã = heading angle

I. Introduction

T HE past decade witnessed rapid advances in the technology
of thrust vectoring (TV) for aircraft.1¡3 The response time of
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Fig. 1 Elevator vis-à-vis pitch TV comparison at ±e and ±z = ¡ 30 deg.

thrust-vectoringcontrols is now comparable to that of the conven-
tional aerodynamic controls, so that the former can complement or
supersede the latter. In this technology, the jet stream is de� ected
by paddles and special nozzles.

Because TV is nearly independentof the air� ow, its effectiveness
vis-à-vis aerodynamic controls is most pronounced during high-
angle-of-attack (high-®) � ights and low-speed situations. This is
seen in Figs. 1 and 2, where the pitch and yaw moments of TV and
aerodynamic controls are compared for the F-15B.

The high-® capability of the TV aircraft enables it to execute
new types of maneuvers,which vastly enhances its agility; dramatic
advantages in close-range air combat were demonstrated in mock
dog� ghts, e.g., a 32:1 kill ratio of a TV-equipped X-31 against a
conventional F-18 (Ref. 4). Additional bene� ts of TV include the
possibility of a reduced tail,5 thereby reducing drag, weight, and
observability. The potential bene� ts to � ight safety are also being
investigated.6¡8

Full yaw-roll-pitchTV � ight control capability was � rst demon-
strated in 1987, by the Jet Laboratory, Technion—Israel Institute
of Technology, � ying powered subscale prototypes.9 Currently, a
number of full or partial TV-equipped, full-scale � ghter aircraft
prototypes are being � ight tested.

The work reported here is in the context of standard agility com-
parisonmaneuvers(SACOM),10;11 elementarymaneuversimportant
for speci� cationand assessmentof � ghter aircraftperformance.The
motivation for introducing these maneuvers as elements of aircraft
agility—an involved topic—is discussed and referencedin Refs. 10
and 11. Of the seven basic SACOM proposed,11 we consider ma-
neuvers related to SACOM 2 and 3, namely, minimum-time pure
pitch and yaw reversals for an F-15B aircraft. Speci� cally, a pure,
minimum-time pitch reversal SACOM is one where the pitch angle
µ and angular rate Pµ undergo the change

[µ.0/ D 0; Pµ.0/ D 0] ! µ t f1 D µ f ; Pµ t f1 D 0

! µ t f2 D 0; Pµ t f2 D 0

purely in the verticalplaneand in minimum time t f2 . The � rst phase,
to µ f , will be called to target, and the second phase back to µ D 0
will be called the recovery. The minimum-time pure yaw reversal
SACOM is similarly de� ned. Although fast fuselage is of tactical
importance, the maneuvers we consider are elementary ones for
comparison purposes. Because of asymmetric forebody vortices, a
pure maneuver is shown in Sec. II to be impossible; this is even
more so for a pure yaw reversal, similarly de� ned, where strong
roll-yaw coupling at high ® and ¯ must be taken into account. We
therefore employed a fairly complete six-degree-of-freedomsimu-
lation model for the F-15B, described in Sec. III. Because of the
complexity of the model, a novel two-stage suboptimal algorithm,
presented in Sec. IV, was developed. This algorithm was applied
to a yaw-reversal SACOM of Ã f D 30 deg, with results presented
in Sec. V; results for a pitch-reversal SACOM of µ f D 80 deg are

Fig. 2 Rudder vis-à-vis yaw TV comparison at ±r and ±y = 30 deg.

presented in Sec. VI. The validity of these results is discussed in
Sec. VII.

For agility comparison purposes, the importance of minimum-
time maneuvers is obvious. The minimum-time solution, subject
to appropriate constraints, is open loop and thus avoids pilot vari-
ability. Also, it turns out that all seven aerodynamic and TV con-
trols are simultaneously engaged in a manner too fast and com-
plicated to be executed by a human pilot. A number of works on
minimum-timemaneuversemployingTV controlswere reportedre-
cently: minimum-time pitch-up,12¡14 roll,15 and heading reversal16

maneuvers, using simpli� ed models. In our work, we compromised
on exact optimality rather than on the model. To our knowledge
ours is the � rst17;18 to demonstrate the feasibility of a nearly pure
yaw-reversalmaneuver.

II. Attempts at Pure Pitch and Yaw Reversals
For a pitchmaneuverin the verticalplaneandsymmetrical� ight it

is customary to consider longitudinaldynamics only. At high ®, the
asymmetrical forebody vortices may play havoc with this custom.

Figure 3 shows a simulated attempt at a pure pitch reversal using
only pitch TV and the elevator. This is for an F-15B, using the fol-
lowing model. The open-loop nonoptimal pitch commands shown
in Fig. 3a re� ect amplitude and rate limitations. They are intended
to provide maximum pitch acceleration and deceleration. Some of
the responses are shown in Fig. 3b. There is a pitch reversal of
73 deg with (not shown) ® up to 68 deg but also undesirable bank-
and heading-anglemotions of up to 70 and 30 deg, respectively.An
animation of the maneuver is shown in Fig. 3c.

If the precedingpitch reversal is unacceptable,then the attempted
pure yaw reversal using only yaw TV and rudder shown in Fig. 4a
is outright disastrous, as seen in Figs. 4b and 4c. The yaw reversal
is incomplete (with maximal ® of 30 deg and ¯ up to §20 deg; not
shown), and the aircraft nearly rolls over.

These results show the need to employ a six-degree-of-freedom
model. They motivate optimal control, where all aerodynamic and
TV controls cooperate to produce the fastest orientation reversal
while limiting undesired angular movements. They also show that
the standardway of using test inputs for performanceevaluationand
comparison is not a good idea here; a better idea is to optimize per-
formance. For agility, time is of course an appropriate optimization
criterion.

III. Aircraft Model
A mathematical model for the six-degree-of-freedom dynam-

ics of a twin-engine, thrust-vectored aircraft, the TV-equipped F-
15B of our study, is presented next, with state vector [®; ¯; p; q,
r; V ; Ã; µ; ’] and control vector [±a ; ±e; ±r ; ±1e; ±z; ±y ; 1±z]:

P® D q C f¡[ NqsCx =MV ¡ .g=V / sin µ C r sin ¯] sin®

C [ NqsCz=MV C .g=V / cosµ cos ’ ¡ p sin ¯] cos ®g sec ¯

(1)
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a) Controls b) Response

c) Three-dimensional view

Fig. 3 Attempt at a pure pitch-reversal SACOM.

P̄ D ¡f[ NqsCx =MV ¡ .g=V / sin µ ] sin ¯ C rg cos®

C [ NqsCy=MV C .g=V / cos µ cos ’] cos ¯

¡ f[ NqsCz=MV C .g=V / cosµ cos ’] sin ¯ ¡ pg sin ® (2)

Pp D ¡ .Iz ¡ Iy/=Ix C I 2
x z Ix Iz qr

C [1 ¡ .Iy ¡ Ix /=Iz]Ix z pq=Ix

C Nqsb=Ix .Cl C Ix zCn=Iz/ 1 ¡ I 2
x z Ix Iz (3)

Pq D NqscCm=Iy C [.Iz ¡ Ix /=Iy ]pr C Ixz.r
2 ¡ p2/=Iy (4)

Pr D I 2
x z Ix Iz ¡ .Iz ¡ Ix /=Iz pq

¡ [1 C .Iz ¡ Iy/=Ix ].Ix z=Iz/qr

C . Nqsb=Iz/[.Ixz=Iz/Cl C Cn ] 1 ¡ I 2
x z Ix Iz (5)

PV D . NqsCx=M ¡ g sin µ/ cos® cos¯

C . NqsCy=M C g cosµ sin ’/ sin ¯

C . NqsCz=M C g cos µ cos’/ sin ® cos ¯ (6)

PÃ D q sin ’ sec µ C r cos ’ sec µ (7)

Pµ D q cos ’ ¡ r sin ’ (8)

a) Controls b) Response

c) Top view

Fig. 4 Attempt at a pure yaw-reversal SACOM.

P’ D p C r cos ’ tan µ C q sin ’ tan µ (9)

Cx D CL .®; ±e/ sin ® ¡ CD.®; ±e/ cos ® C Tx = Nqs (10)

C y D Cy0.®; ¯; ±e/ C C y±a .®/±a C Cy±r .®/±r C .b=2V /[Cyr .®/r

C Cyp .®/ p] C C y¯¤ .®; ¯/ C C y±1e .®; ±e/±1e C Ty= Nqs (11)

Cz D ¡CL .®; ±e/ cos® ¡ CD.®; ±e/ sin ® C Tz= Nqs (12)

Cl D Cl¯ .®; ¯/¯ C Cl±a .®; ±e/±a C Cl±r .®; j±r j/±r

C .b=2V /[Clp .®/ p C Clr .®/r] C Cl±1e
.®; ±e/±1e

C 1Cl.®; ¯/ C Tz1 ¡ Tz2 ly= Nqsb (13)

Cm D Cm0.®; ±e/ C .c=2V /Cmq .®/q C Tz1 C Tz2 lx = Nqsc (14)

Cn D Cn¯ .®; ¯; ±e/¯ C Cn±a .®/±a C Cno.®; ¯/

C Cn±r .®; ¯; ±r ; ±e/±r C .c=2V /[Cnp.®/ p C Cnr .®/r ]

C Cn±1e .®; ±e/±1e C 1Cn.®; ¯/ C Cn¯¤ .®; ¯/

C Tx1 ¡ Tx2 ly ¡ Ty1 C Ty2 lx Nqsb (15)

Tx1;2 D C f g.±z; ±y; Npr/Ti .M; h/B cos ±y cos±z1;2

(16)
Tx D Tx1 C Tx2
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Ty1;2
D C f g.±z; ±y ; Npr/Ti .M; h/B sin ±y cos±z1;2

(17)
Ty D Ty1 C Ty2

Tz1;2
D ¡C f g.±z; ±y; Npr/Ti .M; h/B cos ±y sin ±z1;2

(18)
Tz D Tz1 C Tz2

B D 1

cos2 ±z1;2
C cos2 ±y sin2 ±z1;2

(19)

±z D ±z1 C ±z2

2
; 1±z D ±z1 ¡ ±z2

2

Not shown are equations for Earth-axis velocity components
needed to compute the aircraft position with respect to the ground.
It is assumed that the mass and moments of inertia are constant.The
throttle is at maximum dry position throughoutthe SACOM so as to
provide maximum TV capability. Neglected are aeroelastic effects
and the dependence of the thrust on an ® and ¯ (but not on altitude
and Mach number).

The right-hand side of state equations (1–9) contains dimension-
less coef� cients Ci .i D x; y; z; l; m; n/ detailed in Eqs. (10–15).
These contain the normalized forces (10–12) and normalized mo-
ments (13–15) produced by the aerodynamic controls and the nor-
malized body-axisthrust components.The latter are additions to the
usual equations and appear on the extreme right. The dependence
of these thrust components on effective TV angles .±z; ±y; 1±z/ is
given in Eqs. (16–19); here, the subscripts 1 and 2 refer to right and
left jet engines, respectively.

Disturbancesproducedby theasymmetricforebodyvortexat high
® and ¯ are characterizedby the side-forcecoef� cient Cy¯¤ .®; ¯/ in
Eq. (11) and by yawing moment coef� cient Cn¯¤ .®; ¯/ in Eq. (15);
theseproduceunwantedbankingand headingangles during a pitch-
reversalSACOM. Because for high ® Cn¯¤ .®; ¯ D 0/ 6D 0, there is a
lateral moment for a symmetrical � ight. Unwanted roll motion dur-
ing a yaw-reversal SACOM is due to the coupling terms Cl¯ .®; ¯/,
Clr .®/, and 1Cl .®; ¯/.®/ in Eq. (13).

Equations (1–19) are from Ref. 19, where their applicability is
discussed.We used this particular model because of the availability
to us of the needed numerical data. Note that the 29 coef� cients in
Eqs. (10–15) are nonlinear functions of state and control variables.
Theyare representedasmultidimensionalpolynomialsof up to ninth
order. These polynomials were data � tted20 from empirical results
and used by the U.S. Air Force; they are applicable for ¡20 · ® ·
90 deg and j¯j · 30 deg. The maneuvers are at low Mach number
.M < 0:3/, and hence the dependence of these coef� cients on M
is neglected, and incompressible � ow is assumed. For simplicity,
and with an error smaller than 5%, the magnitude of the thrust is
assumed not to be affected by the TV [C f g D 1 in Eqs. (16–18)].

The dynamics of the relatively fast actuators is neglected; how-
ever, limits on amplitudesand on rates of the controls are taken into
account:

j±aj · 20 deg; j±r j · 30 deg; j±y j · 30deg

j±z j C j1±z j · 30 deg; ¡30 deg · ±e C ±1e · 20 deg (20)

¡30 deg · ±e ¡ ±1e · 20 deg

j P±aj · 60 deg s; jP±r j · 60deg s; j P±y j · 60deg s
(21)

jP±z j C j1 P±z j · 60 deg s; jP±e j C j P±1e j · 60 deg s

IV. Two-Stage Suboptimal Algorithm
We focus on the yaw-reversal SACOM; the pitch-reversal

SACOM is entirely analogous. Let the aircraft equations (1–19)
be written as

Px D f .x; ±/ (22)

where the state x and control ± are

xT D [®; ¯; p; q; r; V ; Ã; µ; ’]
(23)

±T D [±e; ±a; ±r ; ±1e; ±z; ±y ; ±1z]

The optimal control problem is to � nd the optimal control ±¤.t/
subject to the constraints

±min · ±.t/ · ±max; P±min · P±.t/ · P±max (24)

subject to Eq. (22) and the state constraints

µmin · µ.t/ · µmax; ’min · ’.t/ · ’max (25)

and end conditions at t D 0, t f1 , and t f2 :

xT .0/ D .0; 0; 0; 0; 0; Vo; 0; 0; 0/ (26)

Ã t f1 D 30 deg; PÃ t f1 D 0; all other states at t D t f1 are free

(27)

Ã t f2 D 0; PÃ t f2 D 0; all other states at t D t f2 are free (28)

such that t f2 is minimum.To conformto the standardoptimalcontrol
problem formulation, the state is to be augmented by the control
variables

NxT D [x T ; ±T ]

so that P± becomes the (constrained) control. Also, PÃ.t f / D 0 is to be
considered a terminal manifold given by Eq. (7).

This is a multipoint optimal control problem with state con-
straints, which in view of the complexity of Eq. (22) is extremely

Fig. 5 Two-stage suboptimalalgorithm for the to-target part of a yaw-
reversal SACOM.
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dif� cult. The � rst simpli� cation is to break the problem into two:
minimum time t f1 to target and minimum recovery time t f2 ¡ t f1 .
Note that these are not identical problems because the initial condi-
tions for the recoveryphaseare not the same as those for the to-target
phase. Besides a probablynegligiblenumerical consequence,this is
a breakup into two problems with their own validity and usefulness.
The second simpli� cation is, instead of the state constraints (25), to
consider a weighted criterion of time and square errors:

I D
t f1

0

1 C Kµ µ 2.t/ C K’ ’2.t/ dt (29)

and likewise for the interval [t f1 ; t f2 ]. This makes sense because, as
we have no idea of the reachability and controllability regions, we
do not know what reasonable constraints one may impose on µ.t/
and ’.t/. The performanceindex (29), on the other hand, allows for
tradeoffs to be explored.

A further minor simpli� cation is afforded by the observation,
supported by simulations, that it is the roll motion that causes the
undesirable pitching moment. Thus, by controlling roll we control
pitch; consequently, in Eq. (29) Kµ can be taken as Kµ D 0.

Because the problem is still too formidable, we resorted to a sub-
optimal solution based on intuitive physical reasoning. To achieve
the fastest reorientation, the rate of turn should be as large as pos-
sible up to a last-minute switch time, beyond which it should slow
maximally to arrive at the desired reorientation with zero rate. We
thus make the following assumption.

Consider a reorientation maneuver of, e.g., the heading angle Ã
from Ã.0/ D PÃ.0/ D 0 to Ã.t f / D Ã f , PÃ.t f / D 0, while keeping un-
desiredpitch and roll motions in check. To achieve this in minimum

a) Controls b) Response

c) Top view

Fig. 6 Thirty-degree yaw-reversal SACOM.

time t f , we assume that the constrained controls ± should strive to
maximize the weighted rate, PÃ C K’’2 , on [0; ts] up to a switch
time ts and minimize it on [ts ; t f ] so as to satisfy PÃ.t f / D 0.

Although this working assumption appears plausible, there is of
course no assurance that it holds in the optimal solution: for the
nonlinear case, some time-optimal solutions are known to be coun-
terintuitive.

The resulting two-stage suboptimal algorithm is shown in Fig. 5
for a to-target yaw maneuver. The input to the inner optimization
stage are the switch time ts and the weight K’ . Note that, by def-
inition of S.t/, PÃ.t/ is maximized for t < ts and minimized for
t > ts . For compactness of notation, the operations shown in Fig. 5
are in continuous time while executed, of course, in discrete time.
Likewise, the dependence of PÃ and ’ on ± is not instantaneous as
depicted in Fig. 5 but dynamic via the discretizedmodel. The model
(1–19), written as Eq. (22), is replaced by

Pxk C 1 D f .xk; ±k /; xk C 1 D xk C Pxk C 11tk (30)

Having xk at tk and choosing ±k; PÃk C 2 and ’k C 2 can be computed
and

min
±k

Sk C 2
PÃ k C 2.±k / C ’2

k C 2.±k / (31)

is then executed by a gradient procedure to produce ±
opt
k ; xopt

k C 1 is
computedbyEq. (30), and theprocessis continuedover thenext time
interval where the gradient optimization is started with ±k C 1 D ±

opt
k .

The output of the inner optimization stage is the time t f1 at which
PÃ.t f1 / D 0 and Ã.t f1 / D Ãmax . It is then up to the outer optimization
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stage to minimize t f1 and to match Ãmax with Ã.t f1 / D 30 deg; the
minimization is over the switch time ts and the weight K’ . That K’

was included in the outer optimization is an unusual and interesting
feature, which requires an explanation.At � rst sight, a more or less
monotonic tradeoff between minimum t f1 and the ’2.t/, error can
be expected. This is true up to a value of K’ , below which the
increased drag due to increased errors in ’ and µ starts to increase
the minimum t f1 . Thus, a time-optimal K’ exists. For a � xed K’ ,
the outer optimization is reduced to adjusting ts so as to satisfy
Ãmax D Ã f .

The algorithms for recovery of Ã.t/ to Ã.t f2 / D 0 and for the
pitch-reversalSACOM are entirely analogous.

The parametric two-stage optimization algorithm described ear-
lier is mucheasier to set upand to applythan themaximumprinciple.
Although it is ad hoc for the SACOM problem on hand, it can be
generalized17 and applied to similar problems. Indeed, to verify the
algorithm against a known time-optimal solution, it is applied,17

with very good results, to a spacecraft reorientationproblem.

Table 1 Results for yaw-reversal SACOM for different K’

Undesired aircraft
Optimization parameters deviations

Time to
Time to target and

No. K’1 K’2 ts1 , s ts2 , s target t f1 , s recovery t f2 , s j’jmax , deg jµ jmax , deg

1 0 0 0.49 1.58 1.47 2.67 342 21
2 100 100 0.54 1.54 1.45 2.56 20 1.5
3 52 37 0.56 1.43 1.32 2.26 32 6

a) Controls b) Response

c) Three-dimensional view

Fig. 7 Eighty-degree pitch-reversal SACOM.

V. Results for a 30-Degree Yaw-Reversal SACOM
A to-targetheadingangleof 30 deg was chosenbecause the equa-

tions of motion are applicable only for j¯j · 30 deg.
Three cases of the weighting coef� cient K’ are shown in Table 1.

The indices 1 and 2 refer to the to-target and recovery phases, re-
spectively. Whereas in cases 1 and 2 K’ is a priori � xed, in case 3
K’1 and K’2 are time optimal. We see in case 1 that for low K’

not only are the errors unacceptable, but also, as observed in the
precedingsection, the minimum times t f1 and t f2 are not the lowest.
We note in case 2 that a purer SACOM is possible at the expense of
the minimal time: a comparison of case 2 with case 3 shows a 13%
increase of t f2 as against a 32% decrease of maximal roll deviation
and a 75% decrease of maximal pitch deviation.

Results for case 3 are shown in Fig. 6: the optimal controls in
Fig. 6a, the angular responses in Fig. 6b, and a top view of the
maneuver in Fig. 6c, where the � nal bank angle error of 32 deg can
be discerned. Other variables were deliberately not controlled so
as to monitor their response. Thus, the maneuver is accompanied
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Fig. 8 The g loads during the pitch-reversal SACOM.

by a lateral displacement of 17 m, an 11-m drop in altitude from
initial 1524 m, a 10-m/s increase in velocity from 110 m/s, and
maximal ® and ¯ of 9 and ¡27 deg, respectively. The maximal g
load is the lateral one of 14 m/s2 at 1.5 s; the normal g load is only
8 m/s2. Note that in the problem formulation it is the � nal heading
rate PÃ.t2/ that is to be zero. The roll, pitch, and yaw rates, however,
were not constrained to be zero at t f2 ; they are ¡60, 0, and 23 deg/s,
respectively.

VI. Results of an 80-Degree Pitch-Reversal SACOM
A to-target pitch angle of 80 deg was chosen to avoid numerical

dif� culties in the vicinity of the singular 90 deg; the equations of
motion are applicable to ® D 90 deg.

In the algorithm described in Sec. IV for yaw, the pitch angle µ
now replaces Ã . The weighting is now KÃ Ã2 on the heading error
Ã.t/ only because limiting jÃ.t/j tends to limit the roll error j’.t/j.

In the � rst phase (to-target), µ deg .t f1 / D 80 deg was achieved in
1.81 s, and in the secondphase(recovery), µ deg .t f2 / was completed
at t f2 D 3:38 s. The weight KÃ was KÃ1 D 104 and KÃ2 D 340. The
optimal KÃ1 is at the limit imposed by numerical considerations.

The results are shown in Fig. 7. It is seen that the pitch-reversal
SACOM is much closer than the yaw-reversal SACOM to being
pure. Also, the pitch TV and elevator are practically bang bang
(considering rate constraints), in contrast to the yaw-reversal case.
The maneuver is accompanied by a lateral displacement of 1 m, a
40-m rise in altitude from 1524 m, a 30-m/s drop in velocity from
110 m/s, and maximal ® and ¯ of 70 and 5 deg, respectively. The
roll, pitch, and yaw rates at t f2 are ¡3, 20, and ¡6:4 deg/s, respec-
tively. The g loads are shown in Fig. 8. The normal g load is below
the critical 5-g value and is of short duration.

VII. Conclusions
We demonstrate that, to help suppress adverse asymmetric side

forces and moments at high-® and high-̄ values, one should con-
sider a six-degree-of-freedom aircraft model and simultaneously
employ all thrust vectoring and aerodynamic controls. For high-®
values, this is true even for a pitch maneuver, where customarily
only longitudinal dynamics are used.

A novel two-stage parametric optimizationalgorithm was devel-
oped; it was used to provide suboptimal solutions to minimum-time
30-deg yaw and 80-deg pitch reversals, using full, i.e., pitch, roll,
and yaw, thrust vectoring. Surprisingly, the square-error weight,

which usually is the chosen tradeoff parameter, was here subject to
optimization.

The suboptimal algorithm produced instructive results. But how
close are they to optimum? In particular, does our basic assumption
onmaximumswitchedangular rateshold?How closeare our control
time histories to the optimal ones? As in all suboptimal solutions,
one never knows unless the optimal solution is available.

There are, needless to say, many other optimal maneuvers of TV-
equipped � ghter aircraft to be investigated.Our current research is
being increasinglyfocused on the applicationof the TV technology
to civil jet transports,where substantial safety bene� ts are feasible.
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